The onset of convection is studied in a rectangular channel filled with a fluid saturated porous medium, bounded above and below by impermeable isothermal walls at unequal temperatures and laterally by partially conducting walls. A three-dimensional linear stability analysis is carried out under the assumption of an infinite longitudinal channel length. Then, this assumption is relaxed in order to determine the threshold length for the three-dimensional convection to be the preferred mode at onset. Sensible parameters influencing the conditions for the instability are the aspect ratio of the transverse cross-section and the Biot number associated with the sidewall heat transfer to the external environment. The neutral stability is investigated by expressing the DarcyRayleigh number as a function of the longitudinal wave number, for assigned values of the transverse aspect ratio and of the Biot number.
Introduction
The study of the conditions for the onset of convection in a fluid saturated porous medium heated from below gave rise to a wide literature through the last six decades. The large amount of papers published on this subject were originated by the pioneering studies of Horton and Rogers [1] , and Lapwood [2] . Reviews of this topic, classified either as DarcyBénard problem or as Horton-Rogers-Lapwood problem, are available in Rees [3] , Tyvand [4] , Nield and Bejan [5] , Straughan [6] , Barletta [7] . The interest on thermal convection in a porous medium due to an underlying heat source are strictly related, for instance, to the groundwater flow in geothermal sites, as well as to the diffusion of pollutants or of nuclear waste in the soil. The original statement of the Darcy-Bénard problem is relative to an infinitely wide horizontal porous layer saturated by a fluid at rest in the basic state, such that the momentum balance is modelled by Darcy's law, bounded by two horizontal walls, plane, impermeable, perfectly conducting and with unequal uniform temperatures.
Several investigators explored diverse variants of the elementary Darcy-Bénard problem including, among the many possible effects originally neglected, the presence of a horizontal or vertical throughflow, the inclination of the layer to the horizontal, the non-Darcian nature of the momentum transfer, the lateral confinement of the porous medium due to sidewalls. The issue of lateral confinement is closely related to the more general issue of the role played by the shape of the transverse cross-section of the porous medium in comparison with the plane-parallel geometry considered in the original Darcy-Bénard problem. Hence, a rectangular cross-section means lateral confinement with vertical plane sidewalls. We point out that lateral confinement implies that the porous medium is in fact a porous channel with infinite or finite length along the longitudinal direction. The case of a horizontal porous channel with circular cross-section was studied by Storesletten and Tveitereid [8] and, more recently, by Barletta and Storesletten [9] . The onset of twodimensional convection in the case of a porous channel with a general cross-section was studied by Rees and Tyvand [10] . These authors formulated the linear stability analysis in terms of the eigenmodes of the Helmholtz equation in an arbitrary two-dimensional domain. We mention that the instability is not necessarily two-dimensional, but it may be three-dimensional provided that the longitudinal length of the channel is sufficiently large [8, 9] .
The investigation of the Darcy-Bénard problem in a rectangular channel was initiated by Sutton [11] , Beck [12] and further developed by Nilsen and Storesletten [13] . An interesting survey on this topic can be found in Holzbecher [14] . Beck [12] carried out the analysis of the Darcy-Bénard problem in a three-dimensional porous box, i.e. a rectangular channel with a finite longitudinal length, laterally bounded by impermeable and adiabatic walls. The analytical solution carried out by this author evidences that the critical value of the Darcy-Rayleigh number for the onset of the instability may be, depending on the aspect ratios of the box, greater or equal to 4π 2 , namely the critical value found in the limit of a porous layer with an infinite horizontal width. Nilsen and Storesletten [13] studied the two-dimensional stability of a fluid saturated porous medium, either isotropic or anisotropic, in a short rectangular channel laterally bounded by perfectly conducting impermeable walls. These authors were able to determine the critical conditions for the linear stability of the two-dimensional modes showing, in agreement with Beck [12] , that the lateral confinement produces an enhanced stability of the porous medium. Obviously, the interest of their results relies in the analysis of a different kind of lateral confinement with respect to Beck [12] : perfectly conducting sidewalls instead of adiabatic sidewalls.
Rees and Tyvand [15] explored a case where the vertical sidewalls of the two-dimensional porous cavity have asymmetric boundary conditions: one impermeable and perfectly conducting, the other open and thermally insulating. Interestingly enough, Rees and Tyvand [15] showed that the asymmetry in the lateral confinement conditions implies that the onset of the linear instability is through oscillatory modes. Further results relative to the onset of oscillatory convection can be found in Holzbecher [14, 16] . Recently, Nygård and Tyvand [17] proposed an extension of the analysis by Nilsen and Storesletten [13] on modelling the sidewalls as partially permeable and partially conducting.
A common feature of the papers by Nilsen and Storesletten [13] , Rees and Tyvand [15] and Nygård and Tyvand [17] is that they are based on a two-dimensional analysis, while three-dimensional modes may be dominant at the onset of convection, as proved by Beck [12] , as well as by Storesletten and Tveitereid [8] in the case of a horizontal circular channel.
The purpose of our study is to extend the analysis drawn by Nilsen and Storesletten [13] along two directions: we assume partially conducting lateral walls; we carry out a threedimensional linear stability analysis for a channel with a longitudinal infinite length. At the end of our analysis, we will also explore the effect of a finite longitudinal length. The linear disturbance equations are solved by Galerkin's method of weighted residuals, as well as by a sixth-order Runge-Kutta method combined with the shooting method. The thermal behaviour of the vertical sidewalls is modelled through a Biot number associated with the convection to an external, thermally stratified, fluid environment. The limit of a zero Biot number and that of an infinite Biot number correspond to the special cases investigated by Beck [12] and by Nilsen and Storesletten [13] , respectively.
Mathematical model
We consider natural convection in a horizontal rectangular channel filled with a fluid saturated porous medium and heated from below. The channel is rectangular with height H, width 2L, and with an infinite length. We choose a Cartesian coordinate system with the y-axis in the vertical direction and the x-axis in the horizontal direction perpendicular to the channel axis. The horizontal channel walls are at y = 0 and y = H, and the vertical walls at x = −L and x = L; see Fig. 1 . Relative to the Cartesian set of coordinates (x, y, z), the components of the seepage velocity u are denoted as (u, v, w), respectively. We assume that the effect of viscous dissipation is negligible and that the solid and fluid phases are in local thermal equilibrium. Then, the local balance equations for mass, momentum and energy can be written as
where e y is the unit vector along the vertical y-axis, and σ is the ratio between the average volumetric heat capacity of the fluid saturated porous medium and the volumetric heat capacity of the fluid.
The channel walls are assumed to be impermeable. We assume that the upper and lower horizontal walls are isothermal at temperatures T 0 and T 0 + ∆T , respectively. The lateral walls are partially conducting and exchange heat with an external fluid environment, thermally stratified in the vertical direction, so that the boundary conditions are:
The same temperature conditions at the lateral boundary were adopted by Barletta and Storesletten [9] with reference to a circular duct. Moreover, a similar thermal model of the sidewalls was formulated by Nygård and Tyvand [17] and Nygård and Tyvand [18] .
We mention that these authors relaxed also the impermeability conditions for the velocity by assuming partially penetrative sidewalls.
Dimensionless equations
The dimensional fields, coordinates, time and nabla operator are denoted by an overline.
The corresponding dimensionless quantities are defined such that
The governing equations (1) and (2) can be rewritten in a dimensionless form as
The Darcy-Rayleigh number R, the Biot number B, and the aspect ratio s are given by
For the definition and the physical meaning of the Biot number see, for instance, page 284
of Incropera et al. [19] .
The boundary conditions Eq. (2) can be rewritten as
The limiting cases B → ∞ and B → 0 correspond to perfectly conducting sidewalls and perfectly insulating (adiabatic) sidewalls, respectively.
Basic solution
A stationary solution of Eqs. (4) and (6) is given by
where "b" stands for "basic solution", and p 0 is an arbitrary integration constant.
Linear disturbances
Let us first eliminate the velocity components (u, v, w) by substituting Eq. (4b) into Eqs. (4a) and (4c), which yields
The boundary conditions now become
We perturb the basic solution, Eq. (7), with small amplitude disturbances defined by
Following the usual linear stability analysis, we substitute Eq. (10) into Eqs. (8) neglecting the terms of order ε 2 . Thus, we obtain
subject to the boundary conditions
Normal modes
For the analysis of the neutral stability, we are interested in the time-independent solutions of Eqs. (11) and (12) . Following the usual normal mode decomposition, we may write
where a is the dimensionless wave number. We note that a = 0 means two-dimensional modes of convective instability.
We substitute Eq. (13) into Eqs. (11) and (12), so that we obtain
with the boundary conditions
where primes denote differentiation with respect to x.
The special case B → 0
In this limiting case, originally studied by Beck [12] , the solution of Eqs. (14) and (15) is given by
where A is a constant that can be determined, together with the eigenvalue R, on substituting Eq. (16) into Eqs. (14), namely
with m = 1, 2, 3 . . . , and n = 1, 2, 3 . . . .
We can conclude that, for every pair (m, s), the lowest neutral stability curve R(a) is for n = 1. As a consequence, the critical conditions for the onset of the instability (a c , R c ) are determined by setting n = 1 in Eq. (17) and imposing that the derivative ∂R/∂a be zero for a given pair (m, s). By this method, we obtain
The critical condition defined by Eq. (18) 
A Galerkin weighted residuals solution
In the general case, B > 0, the m-modes are not independent with each other as in the limit B → 0. For convenience, we introduce the parameter
Hence, we express the solution of Eqs. (14) and (15) as
where the test functions φ m (x) and ψ m (x) are chosen so that Eq. (15) is satisfied, namely
The coefficients λ m are, for every ω > 0, the positive roots of
In the special case B → 0 (or ω → 0), one has λ m = (m − 1)π, so that exactly the same m-modes obtained in section 4.1 are recovered.
On substituting Eqs. (20) and (21) into Eqs. (14), we obtain the residuals
Following the procedure described in Finlayson and Scriven [20] and in Finlayson [21] , we prescribe the orthogonality of E P (x) with respect to the test functions φ i (x), and the orthogonality of E θ (x) with respect to the test functions
We can obtain an approximate solution by considering the first N terms in the infinite sums Eqs. (23). The higher is the order N the better is the accuracy of the solution. It is convenient to define a 2N -dimensional vector of the coefficients,
Thus, Eq. (24) can be rewritten in a matrix form,
where the 2N × 2N matrixM is defined by four N × N blocks, namely 
This implies that also the elements of the matrixM change. We have in this case
We mention that an analytical solution for this limiting case was found by Nilsen and Storesletten [13] by restricting their analysis to the two-dimensional linear disturbances depending only on (x, y). In other words, these authors assumed a = 0 (short channels) and found, for the lowest mode of neutral stability,
Numerical solution
The solution based on the Galerkin method of weighted residuals, described in Section 5, provides a fast and reliable procedure for a graphical representation of the neutral stability curves R(a). A slower, but more accurate, solution procedure is a sixth-order RungeKutta method. This procedure is for solving Eqs. (14) as an initial value problem starting from x = −s. The initial conditions coming from Eq. (15) have to be completed with
The first of these conditions defines an unknown parameter η to be determined, together and FindRoot, respectively. In the following, the graphics of the neutral stability curves R(a) are obtained by the Galerkin method of weighted residuals, described in Section 5, whereas the numerical method described in this section is used to check the graphics of R(a) and to obtain accurate values for the specially interesting points, such as the local minima.
We mention that Eqs. (14) and (15) could have been solved by expressing both P (x) and θ(x) as linear combinations of the modes
where Ω 1 and Ω 2 are given by
,
The phase coefficients ζ 1 and ζ 2 have to be determined numerically, together with the eigenvalue R, by solving the set of algebraic equations obtained from the boundary conditions, Eq. (15), for prescribed values of (a, s, B, n). This elegant solution, brought to our attention by one of the anonymous reviewers, is a valid alternative to the numerical solution based on sixth-order Runge-Kutta method and on the shooting method.
Discussion of the results
In Section 5, we pointed out that the neutral stability curves R(a) are determined by the Fig. 3) to B = 10 ( Fig. 4) , we see that the two branches move upward and become closer. In appears to be degenerate as it results simultaneously from the two branches of neutral stability. This circumstance is in agreement with the findings of Nilsen and Storesletten [13] . These authors evidenced the degeneracy of R(0) for every aspect ratio. An important feature illustrated in Figs. 3 and 4 , as compared to Fig. 2 , is that the absolute minimum of neutral stability is never at a = 0, except for the limiting case B → 0. As a consequence, convection is three-dimensional and not two-dimensional at its onset. This statement is true at least for a channel infinitely long in the z-direction; we will show later on that the onset of the convective instability may be through two-dimensional patterns when the length of the channel is finite and sufficiently small.
A square channel, s = 1/2
The gradual change of the neutral stability curves when the Biot increases above zero is illustrated in Figs. 5 and 6, with reference to a channel with a square cross-section (s = 1/2). The behaviour, on a qualitative ground, is quite similar to that described for a shallow rectangular channel. On comparing the neutral stability curves for B → 0 ( In Tables 1-3, the critical (17) and (18) . We note that, in Tables 1 and 2 
The critical conditions for the onset of the instability
The immediate consequence is that the wave number has now a discrete spectrum. From Eq. (13), we infer that the sequence of allowed wave numbers is:
In the previous sections, we pointed out that the absolute minimum of the neutral stability 
where ⌈·⌉ denotes the ceiling function, i.e. the function giving the smallest integer greater or equal to its argument. The proof of this result, reported also by Sutton [11] , is a straightforward consequence of Eq. (17) . Table 4 . From the information conveyed in Fig. 12 and in Table 4 , we may conclude that three-dimensional convection is generally favoured for small values of s (tall rectangular channels), since the condition d < d th can be fulfilled only with short channels. For instance, we see from Table 4 that, in the case of a transverse aspect ratio s = 1/4 and B → ∞, the onset of convection is two-dimensional only if the length of the channel is smaller than approximately one-fourth of its height.
Conclusions
The • The critical Darcy-Rayleigh number is an increasing function of the Biot number. In other words, by increasing the conductance across the vertical sidewalls, the fluid saturated porous medium enhances its stability.
• The value of critical Darcy-Rayleigh number R c is 4π 2 in the limit B → 0. The onset of convection in this limit can be attained, depending on the aspect ratio s, with one or more possible critical values of the wave number. If s is either an integer or a half-integer, 4π 2 coincides also with the lowest R for neutral stability with a = 0, denoted by R(0).
This feature is lost when B increases above zero: the value of R c is lower than R(0). In other words, with B > 0, the onset of convection takes place through three-dimensional flow patterns.
• The analysis, performed by assuming an infinitely long channel, has been completed by considering the case of a channel with a finite longitudinal length, bounded by impermeable and adiabatic end sections. We proved that, with a sufficiently small longitudinal length, the onset of convection is two-dimensional, while it becomes three-dimensional when the 
